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THE THEORY OF THE MOTION OF A BULLE? ABOUT ITS CENTER
OF GRAVITY IN DENSE MEDIA, WITH APPLICATIONS TO BULLET DESIGN

ABSTRACT

An investigation is made of the motlon of the bullet about its
center of gravity in a dense medium. It is Tound that approximastely
the yaw of the bullet in such a medium is an exponential function of
the time, that is to say, that it increases according to ekt. Tt 1s
shown that the value of the quantity k 1s much more gignificant for
the motion than even the sgize of the yaw upon impasct. . Methods of
determining k are given. It is shown that the size of the yaw in the
medium 1s approximately independent of the gtriking velocity and there-
fore for a given bullet, the amount of energy absorbed will be proportional
to the square of the striking velocity. It is shown that the twist of
rifling has no appreciable effect upon the size of the yaw 1n a dense
medium except in so far as it affects the gize of the yaw on impact.

It is pointed out that a large value of k may be obtalned by the use of
bullets having light noses and it is indicated that for a given wmuzzle
energy there will be greater energy absorbed from light bullets than
from heavy bullets. The theory is applied to the effect of the caliber
on the amount of energy absorbed in the medium. It is discovered that
at short ranges, the amount of energy absorbed will tend to increase as
the caliber is reduced. Certain other aspects of the influence of
caliber upon the general effectiveness of infantry weapons are also

discussed.



Experiments have shown that there is a fair degree of correlation
between the effects of bullets fired inbo animal tissues and into water
cans, in other words, that the bullets which bhave been found to produce
very destructive effects on water cans have also been found to produce
destructive effects on animal tissues. It is therefore believed that
the theory of the motion of the bullet in a dense medium may throw con-
slderable light on the matter of the wounding effects of bullets on
animal tissues.

Consider a projectile fired in air and allowed to impinge on the
boundary of a dense medium such ag water.

We proceed to discuss the motion of the projectile when it has
entered the dense medium. A second order differentlal equation for the
motion of the projectile may be deduced by lagrange's method as follows:

(1) B 8- B cos b sin & %a + AN é sin & = p sin B.*

In this equation, B 1s the transverse moment of inertia, A is the
axlal moment of Inertia, N 1s the spin in radiasns per second, 8 is the
angle of yaw, § 1s the angle of orientation of the yaw, that is to say,
the angle between a plane including the trajectory and the axis of the
projectile and a standard reference plane through the trajectory, and p
1s the couple factor and 1s defined by the relation

¥
Overturning Couple = p sin 8.

Tt 1s assumed that 4 is constant for angles of yaw less than 20°.

* - -
The kinetic energy is % [AN2+ B(8+ ¢251n28ﬂ and the potential energy

is 1 cos 8, (See Jean§ "Theoretical Mechanics," p. 311). (See also
Pp. 329-332 for lagrange's equation.)

**For 8 projectile of gilven shape and caliber fired at s given velocity,
i is proportional to the distance from the center of pressure to the
center of gravity. The nearer the center of gravity is to the base,
the grester will be the value of M.



The dots are used to indicate the differentiation with respect
to time, that 1is to say,

5 _ap
¢=c1t
and
g _ d28
ate

It 1s desired to reduce this equation to a simple form by means
of which the increase in &, the angle of yaw, may be readily calculated.

From (1), we obtain
(2) g = % sin & (1 + % cos & ¢2- égg /B

From the condition that the component of the moment of momentum
of the projectile about the trajectory is constant, we obtain the relation

’ *
(3) B 5in°8 P + AN cos & = Const,

By calculating the value of # upon impact, it may be shown that
for the motion in the medium, the constant on the right hand side of
equation (5) 1s AN to a close approximation and we find for a

b= AN (1 - cosd) _ AN

1025 B(I + cosd)

By virtue of this, (2) may be changed to
Yg
)s

8 =batn 8 (1 - —E ey
(1 + cosB)

22N

where s ig used to represent -l
If 8 g small, we have

(4) [ =%8(1 - B).

*
See Crabtree "The Elementary Treatment of the Theory of the Spinning
Top and Gyroscopic Motion."



"s" 1s known as the stability factor of the projectile, In air,
near the muzzle, its value is 2 for the Cal. .30 ML bullet, but in water,
*
near the muzzle, its value will be only 1/400. Thus, so far as our

computations are concerned, it may be neglected.

Before proceeding with the solution of this equation, we shall

consider the consequences of the results just obtained.

Tt may be seen from equation (4) that unless the stability factor
is as high as 0.1, the stability factor and hence the spin may be
considered to have a practically negligible influence upon the motion
of the bullet in the medium.

For the M1 bullet in water to have a stability factor as great as
.1, would require that the linear velocity be reduced o value of about
1/7 of the muzzle velocity or 400 £/s, the spin being assumed constant.
Such a low velocity is not attained until the projectile has reached a
range of about 4000 yards, and thus for all ranges of practical importance,
1t may be seen that the twist of rifling will not have any appreciable
effect on the motion of the bullet in & medium like water except in so
far as the initial yaw of the bullet 1s dependent upon the stability

factor in air.

We proceed. to the solution of equation (4) on page (6). If s is

neglected, we obtain

-._p' %
(5) &= 50 .

The general solution of the equation is therefore seen to be

V@?t ~VE+
8=Ce + D

e (assuming p constant),

o/

i There is a certain justification for this since Bauer ("Anneien der
Physik," Volume 80, 1928, page 232) has shown that the ratio of the
resistance of the sphere in water to that of a sphere in air for a
given velocity is approximately proportional to the ratio of the
densities.

*¥
In the "Abstract" k is used to denote V“7 .



as may be proved by differentiating 8 and inserting in (5).

We will assume that at the instant the bullet has penetrated the
medium, the value of the yaw is 50, or that

By o = B0
and that the initial value of the angular velocity of yaw & is 50, or
B0 = %o

From these conditlons, it may easily be shown that

o]
0

ot ——),
-5

We have then as the golution corresponding to initial conditions:

. ) e‘/%“t + ; -VKE“ #

1 0 1 0 B.
8‘-—2" (BO b — "2' (80 - -""'""‘"") e *
f VB
B B

Calculetions on the motion of a bullet which 1s projected under ordinary
60
2/3

It is also evident that the terms with the negatlve exponent of e
will be very soon damped out. Thus for most practical purposes, we may

*
conditions indicate that is negligible compared with 60/2.

In the theory no account has been taken of the motion while entering
the medium. The entrance lasts such a short time that it probably
does not appreciably affect the value of . The experiments suggested
later should be capable of gilving information on this point.



write the solution of the motion as follows:

o
it
rof

o. e

(6) O 2

where k 18 used instead of V/u/B.

We shall apply this result to the penetration of the Ml bullet. The
characteristice of this are as follows:

A=17x 10‘6 lbs. ft.z,

and B =16.7 x 10”6 1bs. ft.z.

When this bullet is fired in a rifle with a twist of 14" and a velocity
of 2700 £/s, its stability factor is found to be about 1. Now

B2

4 Bu

g8 =

)

and from this, we find that for air
B o= 9.15 1bs. ft.g/sec.a.

The density of water is approximately 800 times that of sir, and thus
the value of u for water is

W=7 x 10° 1bs. £t.2/sec.2.

Thus, we finally find

W = 12207 | Wiy 10 ~ 2 x 10%,

17 x 10

Thus, if our assumptions are correct, the motion of the ML bullet in
water 1s glven by the formula

& = % 50 eeo,OOOt‘
Iet us also consider the motion of two other fiectitious bullets, one of
these bullets, which we shall designate as the heavy bullet, is so long
that the value of u/B is 1/2 as great as it ig for the ML bullet and the

other bullet, we shall suppose to have an aluminum nose, which will tend



to reduce its moment of inertia and increase the couple coefficient to
such an extent that u/B for this will be twice as great as 1t is for the
Ml Bullet.

With these assumptions, we shall have for the motion of the heavy
bullet

i
1.h x 107t
5 = (50/2) e ,
and for the yaw of the light bullet, we will have
' L

In the following tables are given yaws for the three bullets as calculated,
first on the assumption that the Inlitial yaw is 1° and second on the
agsumption that the initial yaw is 1/4°.

TABLE OF COMPUTED YAWS (1° Initial Yaw).

Penetration Time Ml Bullet Heavy Bullet ILight Bullet
Distance in, Sec. Yaw in Deg. Yaw in Deg. Yaw 1n Deg.

0.0 .00000 1 1. 1.

1.6 .00005 1.5 1.25 2.1

3.2 .00010 3. 2.1 8.

4.8 .00015 10. 4.1 33.

6.4 . 00020 27. 8. -

8.0 00025 - 17, -

9.6 00030 - 33. -

TABLE OF COMPUTED YAWS (1/4° Initial Yaw).

Penetration Time ML Bullet Heavy Bullet Light Bullet
Distance in, Sec, Yaw in Deg. Yaw in Deg. Yaw in Deg.
0.0 .00000 .25 25 .25
1.6 .00005 b «50 5
3.2 .00010 .9 +5 2.0
4.8 .00015 2.5 1.0 8.0
6.4 . 00020 7.0 2.0 3.0
8.0 .00025 18 L, -
9.6 -.00030 50% 8. -

* .
The values calculated from the formule are given although it 1s
rigorously applicable only to yaws less than 20°,

10



It 18 evident from these tables how great an effect the value of
p/B has cn the size of the yaw. For example, the light bullet with an
initial yaw of l/ho when 1t has travelled 6.4" in the medium has a yaw
which is very much greater than that of the heavy bullet with an initial
yaw four times as great when it has travelled 8".

It follows that, although the initial angle of yaw, 80, is of great
importance 1n connection with the yaws of the bullet in the medium, yet
the most important factor is the value of w/B.

Now for smﬁll angles of yaw, the resistance offered to the motion of
the projectile increases as the square of the yaw, in such & manner that
approximately s yaw of 150 doubles the reslstance of the projectile. It
follows from this that the light bullet with the aluminum nose, by virtue
of 1ts large angle of yaw, will transmit a great deal more energy to the
medium then will the heavier bullets.

In view of the overwhelming importance of the quantities p and B as
affecting motion of the projectile in & dense medium, it would seem
desirable that measurements of these guantities be obtained. The
facllities for obtaining measurements of B are already available at the
Proving Ground, and there remains the problem of developing the method
for measuring the value of p for motion in water, The theory which has
been developed in the foregoing suggests an easy method of obtalning
approximate values of this quantity.

Let a bullet be fired in a gun having such a twlet that reasonably
large initial angles of yaw are produced, and let this yaw be measured
immnediately before the bullet enters the water by means of a paper
screen, Let the front gide of the water tank consist of waxed paper so
as not to Iinterfere seriously with the motion of the bullet, and let -
the backside of the tank be made of tin of such thickness that a fairly
good imprint of the projectile is obtained from which the angle of yaw
of the bullet upon emergence may be determined. ILet the initial angle
of yaw be 60, the angle of yaw upon emergence be &,, and the time

required for the passage through the water tank be tl. Then we have

11



from the foregoing theory that

=

8, = ( 50/2) e ’

From this relation, it follows that }/u/B tl = loge (eJal/ao), where loge
is used to denote the logarithm to the base e. From the thickness of the
tenk and the velocity of the bullet upon impact, the value of by
approximately determined; and B having already been measured, it will be
easlly possible to determine an approximate value of u.*

may be

Let us next consider the resistance of the bullet as dependent upon
shape in various media. At a velocity of 2700 f/s, a bullet when moving
in air has a velocity greater than that of sound, and experiment has
shown that at velocities less than that of sound, é blunt-noged projectile
hag less resistance than a sharp-pointed projectile. Now, the veloclty of
sound in water is about 4800 f/s and thus 1t appears that the bullet we
have considered having a muzzle veloclty of 2700 f/s when jmmersed in
water will have a veloclty less than that of sound. One would expect
under these considerations that so far as the resistance in water is
concerned, a blunt-nosed projectile would have a smaller resistance than
& sharp-pointed bullet. This reduced resistance of the blunt-nosed
bullet is probably one of the reasons why a long blunt-nosed bullet
would have a greater penetrating ability than a sharp-pointed ome. Of
course, the most important factor in the penetration of the long blunt-

nosed bullet is its smaller value of %, but it 1s prbb&ble that the

bluntness of its nose also contributes to its penetrating power.

In the foregoing anelysis, the velocity of the bullet has been
taken to be 2700 f/s, and the effect of changes in velocity on the
sizes of yaw and on the resistance offered by the medium have not been
discussed. The value of u, the couﬁle factor, 1s proportional to the

*
It may be found necessary to modify thesz formulae somewhat to take
account of the angular velocity b generatod by the entrance of the
bullet into the medium,

iz



sguare of the velocity, aad if we can neglect the'changes in the velocity
in the medium for the first few inches, we may replace the time "t" by

s/v where s ig the penetration distance and v is the velocity.

If "v" is considered a constant, then we have

v 2 d26
b=v —3
d s

and 1f we replace p by the expression Cupvgdé, where C“ 18 a coefficlent

which 1s independent of the dimensions and varies only slightly and p is
the ratio of the density to that of normal air, we finally obtain from (5)

32
o d?& C“pd v
v 2 = 6-
ds B

If we divide both sides of the equation by v2, we obtain an equation
which does not to a first approximation involve the veloeity and which
indicates that the yaw in the medium as a function of the distance of
renetration is Independent of the velocity of the bullet. Thus approxi-
mately, 1t follows that the same sized yaws will he produced in the
medium no matter what the veloclty of the bullet.

Now, the resistance to the motion is proportional to the square of
the veloelty, and thus it follows that as the veloclty 1s changed, the
energy absorbed by the medium will be proportionasl to the square of the
veloclty.

We shall make another application of the theory to the design of
bullets in discussing the problem of the influence of the caliber of a
bullet on the energy asbsgorbed by the medium at short ranges.

The resistance of the projectile, R, is given by the expresslon:
R = pv2d2 CR(l +Ai§§~),
where
P is the ratio of the density to that of normal air,
v is the veloecity with respect to medium,
d is the diameter of the projectile,



c is & coefficient dependling upon the shape and also to a
certain extent on the relation of the velccity to certain
characteristic qualities of the medium, e.g., the velocity
of sound 1n the medium,

and b is the angle of yaw.

2
The expresaion;ﬁ%;— is used to express the proportional increase in

resistance due to yaw.

The energy absorbed in a trajectory of length s in the medium is

B 8
2 2 62
R ds = pd v Cy (1 +vi6§—) ds.,
o] (o] ..

From equation (6) on page (9), we obtain

2 8 bt
(1) & = o el
It may be shown that for a series of similar projectiles p may he
~ expressed by .
2.3 :
= v d C
M p w’

where C“ is the same constant for all the projectlles. Simllarly for a

group of homologous projectiles, we may write

- al
B““'C:Bd-l

If we confine our attention to a short trajectory a few ilnches long, we

may replace t by %.

We then obtain from (7)

pv2d50pt2 aC o
_ i ]
2 8 @ 8% T (3)
5" = e B =2 e B
T I
From this it follows that for like values of E,-equal values of the

d
yew will result. In other words, a .25" projectile will yaw as much

after a motion of 1 inch in water, ag & homologous .50" projectile will

In two inches. .

14



We obtain for the absorbed energy, E

ab’
2
: o 2w (3)
(8) B, = pd2 v c 1+ i e g ds.
ab R L x 169

O

As the caliber of the projectile is changed, let us consider what
the changes in velocity will be. ILet us assume that the average pressure
on the base of the projectile is unchanged and that the length of {ravel
is unchanged.

Then the muzzle energy of the bullet will vary as d?. The masgs 1s
proportional to dj, and thus we find for the muzzle veloeclty, v,

*
d2v2 = kd

and v will vary as 1/ Va. 1r V%; is substituted for v in (8), assuming
that the veloclty ls practically constant for the first few lunches, we
obtaln for the absorbed energy:

: Ol
50 CB d
E&b = pkd CR 1+ m e ds.

o

We proceed to apply this result to the calculation of the absorbed
energy of & serles of bullets homologous to the cal. .30 ML,

pC 2
2 W (E)
50 CB 4 52
The values of d |1 + m“ ] or d(l + 16-9—),

agsuming that the initial yaw 60 is lo, are plotted as a function of the
range, 8, in inches for projectiles of calibers of .30, .25, and .20 in

Figure 1, In Figure 2 are shown plots of the absorbed energy E . as a

. ab
function of the range s for the three different callbers .30, .25, and
.20, From this it may be seen that for ranges of more than four inches

In water, the greatest energy is absorbed from the smallest bullet, If

*
k¥ is8 a constant for the different calibers.

15
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the bullet were to hit an obJect like s bone, the smallest bullet would
show a gtill greater superlority as far as the amount of energy absorbed

is concerned.

From the preceding discussion, 1t may be seen that 1f the caliber
of the infantry rifle is reduced that no reduction in effectiveness at
short ranges will be obtained and that in fact at these ranges the
stopping and shocking power will probably increase., At long ranges,
the smaller bullets will have lost more velocity than the larger bullets
and will thug have a smaller energy absorption at long ranges. This
characteristic of the smaller bullet should prove advantageous since, at
such ranges, it is probably desirable that the bullet wounds shall not
be lethal.

Another characteristic of great lmportance in a projectile is the
flatness of its trajJectory. As the caliber of the bullet is reduced and
its veloclty increased, the flatness of the trajectory for short ranges
wlll be increaged and decreased for long ranges. The greater flatness of &
trajectory of the smaller bullets at short rangés may more than compensate
for the reduced flatness at long ranges. .

Datae relating to the remaining velocities at various ranges of the
bullets are given in the following table:

Caliber  1/0(J) A V(500 yds) V{1000 yds)
30 3.70 2700 1940 1274
.25 g 3000 2054 1249
20 7 5,55 3300 2083 1106

From the results given, 1t appears practically certain that the Cal.
.25 bullet will have the flattest trajectory of all the bullets for the
1000 yard range and that the caliber .20 bullet will have the {lattest
trajectory for the 500 yard range.

A great advantage of the smeller bullet will be that the recoll
velocity of the rifle will be considerably reduced snd thus also the
fatigue of firing.

18



The reduced recoil velocity and bore diameter as the caliber is
reduced will probably make it practicable to employ muzzle velociltles
still higher than those considered in the foregoing, and thus the flat-
ness of the trajectory and effectiveness of the small caliber bullet
may still be further augmented. In short, it appears that considerable
advantages may result from the selectlon of a caliber considerably less
than .30. A rational choice of caliber could only be made after an
exhaustive study of all the factors involved. ‘

RESUME

It has heen pointed out that, at points near the muzzle, the ratlo
of the spin to the linear velocity of the projectile 1s so low that the
gpin has practically no effect so far as the size of the yaw 1ﬁ fhe
medium is concerned; that is to say, that, at polnts near the muzzle,
the gyroscoplc stabllity of the bullet is so small that it is not able
to interfere seriocusly wilth the tendency of the medlum tovoverturn the
bullet. For the bullet to have a sufficient gyroscopic stebility to be
effective in preventing the tumbling, such great renges would be required
that the stabllity factor of the bullet in air would have an approximate
value of 800.

For such a high value to be reached, i1f the stability factor of the
bullet in air at the muzzle were 2, the remalning velocity would have to
be as low as 150 f/s and thus, for the ordinary bullets, the spin would
not have any appreciable effect in tending to preyent yaw in the medium
except at ranges over 2000 yards.

It has been shown in the foregoing that the angle of yaw at any
given point in the dense medium depends upcn the inltlal angle of yaw
8, &nd upon the value of u/B. It has also been pointed out that the
resistance of the motion of the bullet increases as the square of the
yaw and that it depends upon the shape of the projectile., It is thus
apparent that the resistance of the bullet at a glven veloclty depends
upon the following factors:

19



(1) The initial angle of yaw,

(2) 'The couple factor, u,

(3) The transverse moment of inertia, B,
(4) The shape of the bullet.

A method 1s already available for the determination of B and a method
has been outlined for the determination of p.

It has been shown that the angle of yaw of the bullet in the medium
1s spproximately independent of the velocity, and silnce the resistance is

proportional to the square of the velocity, it follows that if the velocity

of the bullet is changed, the energy absorbed will vary as the square of
the velocity.

The application of the foregoing theory to the design of bullets is
obvious. We have seen that the lighter the bullet, the greater the
absorbed energy and also the higher the velocity of the bullet, the
greater the absorbed energy. If the muzzle energy of the bullet is
kept constent, it follows therefore that greater absorbed energy will be
obtained by the use of lighter bullets since the lighter bullet will
result in increased velocity and also in increased yaws in the medium.
Another result to be obtained from the use of the lighter bullet if the
muzzle energy is constant is that the recoil veloclty will be less and
therefore the effect upon the firer of the discharge of the piece will

be reduced,

On the other hand, if 1t 18 desired to design a bullet which will
make & small hole, it can be done by asugmenting the transverse moment
of inertis, B, and by meking the nose heavy and the base light.

The influence of the caliber upon the amount of energy absorbed
in the medium has been treated. It has been found that if the caliber
of & serles of homologous projectiles is reduced larger yaws will be
obtalned in the medium, and thus if the muzzle veloclity is augmented
a8 the caliber ig diminished, it will result in a grester absorption

of energy.

20
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It has been pointed out that if the caliber is reduced the flatness
of the trajectory at short ranges will be augmented, although it wilkl he
reduced for longer ranges; and it has been noted that the reaction due
to recoll on the firer will be diminished as the callber i1s reduced.

These conslderations indicate that, probably, considerable improve-
ment in the effectiveness of the infantry weapon may be cobtained by a
reduction of the caliber below that which now exlsts, but a rational
cholce of the exact caliber would have to be baged on a very extenslve

investigation.

NORUWS
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